Abstract. We propose a general theory of braided quantum groups in the C * -algebraic framework. More precisely, we construct braided quantum groups using manageable braided multiplicative unitaries over a regular C * -quantum group. We show that braided C * -quantum groups are equivalent to C * -quantum groups with projection.
Introduction
Let H be a group and let p be an idempotent homomorphism H. This is equivalent to a split exact sequence of groups such that H ∼ = K ⋉ G where K = ker(p) and G = Im(p). CMotivated by [1] , Bücher and the author, in [2] , presented a general theory of regular braided quantum groups in the C * -algebraic framework using regular braided multiplicative unitaries.
Let C be a braided monoidal category of separable Hilbert spaces. Thus, for any two objects L 1 , L 2 ∈ C there is a bounded operator
is unitary for all objects L 1 , L 2 ∈ C. For an object L ∈ C, a braided multiplicative unitary on should be unitary morphism F : L ⊗ L → L ⊗ L in C that satisfies a braided version of (1.1) (see (3.7) ).
Our setting is the following: we set C to be the corepresentation category of quantum codouble of a C * -quantum group G see [7, Proposition 3.4 & Section 5] . Then a braided multiplicative unitary F over G is a morphism in this category satisfying braided pentagon equation (see Definition 3.4). Next we recall the notion of manageability from [8] .
The goal of this article is to construct braided C * -quantum groups (as outlined in the fourth paragraph above) from manageable braided multiplicative unitaries over a regular C * -quantum group G. Unlike nonbraided case, it is not even clear whether the set B 0 of slices (ω ⊗id L )F for ω ∈ B(L) * forms an algebra. In [2, Proposition 5] , it was shown that B 0 is an algebra whenever C is a regularly braided monoidal category: the braiding operator on C is regular in the sense of [2, Definition 3] . Furthemore, regularity condition on F ensures that B = B − · 0 ⊂ B(L) is a C * -algebra and B admits a structure of a regular braided C * -quantum group see [2, Theorem 13] . Because of [2, Proposition 16] the monoidal category C is regularly braided.
It is shown in [11] and [8] , that Radford's theorem can be generalised nicely for manageable multiplicative unitaries. Thus shows that a braided C * -quantum group (B, ∆ B ) over a C * -quantum group G gives rise to a C * -quantum group H = (C, ∆ C ) with projection. As shown in [3] , for the von Neumann algebraic quantum groups, the analogue of the B coincides with the algebra fixed points for the canonical coaction of G on H induced by the projection on H. This is not the case for B. As a C * -algebra, B should be the generalised fixed point algebra. This is a special case of quantum homogeneous spaces, which is also treated by Vaes [15] that needs regularity assumptions on G.
Therefore, it seems that the regularity of G turns out to be a natural assumption to construct braided C * -quantum groups from braided multiplicative unitaries. Let us briefly outline the structure of this article. In Section 2, we recall basic necessary preliminaries. In particular, the main results on modular and manageable multiplicative unitaries, that give rise to C * -quantum groups [16] , the notion of Heisenberg and anti-Heisenbegr pairs for C * -quantum groups from [6] , coactions and corepresentations of C * -quantum groups, results related to Yetter-Drinfeld C * -algebras from [7] . In Section 2.5 we gather some important facts of regular C * -quantum groups. After introducing manageable braided multiplicative unitaries we state the main result (see Theorem 3.9) to construct braided C * -quantum groups in Section 3. We also construct the big C * -quantum group H in terms of a braided C * -quantum group (B, ∆ B ) over a regular G. In Section 4, we use the quantum version of the Landstad theorem to construct B the fixed point algebra for the action of G on H induced by the projection. Finally, in Section 5 we complete the proof of Theorem 3.9.
Preliminaries
All Hilbert spaces and C * -algebras (which are not explicitly multiplier algebras) are assumed to be separable. For a C * -algebra A, let M(A) be its multiplier algebra and let U(A) be the group of unitary multipliers of A. For two norm closed subsets X and Y of a C * -algebra A and T ∈ M(A), let
where CLS stands for the closed linear span. Let C * alg be the category of C * -algebras with nondegenerate * -homomorphisms ϕ : A → M(B) as morphisms A → B; let Mor(A, B) denote this set of morphisms.
Let H be a Hilbert space. A representation of a C * -algebra A is a nondegenerate * -homomorphism A → B(H). Since B(H) = M(K(H)) and the nondegeneracy conditions AK(H) = K(H) and AH = H are equivalent, this is the same as a morphism from A to K(H).
We write Σ for the tensor flip H ⊗ K → K ⊗ H, x ⊗ y → y ⊗ x, for two Hilbert spaces H and K. We write σ for the tensor flip isomorphism A ⊗ B → B ⊗ A for two C * -algebras A and B. 
Here H is the conjugate Hilbert space, and an operator is strictly positive if it is positive and self-adjoint with trivial kernel. The condition W * (Q ⊗ Q)W = Q ⊗ Q means that the unitary W commutes with the unbounded operator Q ⊗ Q. 
Theorem 2.2 ([14, 16]). Let H be a separable Hilbert space and W ∈ U(H ⊗ H) a manageable multiplicative unitary. Let
Moreover, ∆ A is coassociative:
and satisfies the cancellation conditions: 
consisting of a C * -algebra C and an element ∆ C ∈ Mor(C, C ⊗ C) constructed from a modular or managebale multiplicative unitary W. Then we say G = (C, ∆ C ) is generated by W. We do not need Haar weights. 
Let H be the conjugate Hilbert space to the Hilbert space H. The transpose of an operator x ∈ B(H) is the operator 
is a G-anti-Heisenberg pair on H (see [6, Lemma 3.4] ). This shows that the set of G-Heisenberg pairs and G-anti-Heisenberg pairs are in bijective correspondance.
2.3. Corepresentations. 
Routine computations show the following: U 1 U 2 is a corepresentation; is associative; and the trivial 1-dimensional representation is a tensor unit. Thus corepresentations form a monoidal W * -category, which we denote by Corep(G); see [14, Section 3.3] for more details.
Coactions. Definition 2.16. A continuous (right) coaction of G on a C
* -algebra C is a morphism γ : C → C ⊗ A with the following properties:
(1) γ is injective; (2) γ is a comodule structure, that is,
(3) γ satisfies the Podleś condition:
We call (C, γ) a G-C * -algebra. We often drop γ from our notation.
Similarly, a left coaction of G on C is an injective morphism γ : C → A ⊗ C satisfying a variant of (2.17) and the Podleś condition (2.18).
In this article the we reserve the word "coaction" for right coaction.
be the category with G-C * -algebras as objects and G-equivariant morphisms as arrows.
Definition 2.19.
A covariant representation of (C, γ, A) on a Hilbert space H is a pair (U, ϕ) consisting of a corepresentation U ∈ U(K(H) ⊗ A) and a representation ϕ : C → B(H) that satisfy the covariance condition
Faithful covariant representations always exist by [6, Example 4.5].
2.5. Regularity for quantum groups and corepresentations. Let G = (A, ∆ A ) be the C * -quantum group generated by a manageable multiplictive unitary W. Let G = (Â,∆ A ) be its dual, and let W A ∈ U(Â ⊗ A) be the reduced bicharacter.
The multiplicative unitary
Now W
A does not depend on the multiplicative unitary generating G, see [14, Theorem 5(3) ]. Therefore, regularity is a property of the the quantum group G and not of a particular multiplicative unitary W used to construct it.
Moreover, [1, Proposition A.3] shows that the regularity property of G passes to its corepresentations. More precisely, if G is regular then every corepresentation U ∈ U(K(L) ⊗ A) of G is also regular in the following sense:
We claim that Equation (2.22) is equivalent to 
The dual of a regular quantum group is again regular. Therefore, (2.24) is also equivalent to
2.6. Twisted tensor products of Yetter-Drinfeld C*-algebras.
Definition 2.26 ([9, Definition 3.1]). A G-Yetter-Drinfeld C * -algebra is a triple (C, γ, γ) consisting of a C * -algebra C along with coactions γ : C → C ⊗ A and
Let YDC * alg(G) be the category with G-Yetter-Drinfeld C * -algebras as objects and G-andĜ-equivariant morphisms as arrows.
Next we briefly recall the monodial structure on YDC * alg(G).
Define faithful representations of j 1 and j 2 of C 1 and 
We call C 1 ⊠ C 2 the twisted tensor product of C 1 and C 2 . The twisted tensor product C 1 ⊠C 2 carries diagonal coactions of G andĜ defined by This theorem has been proved in [9, Section 3] in the presence of Haar weights on G and in [7, Section 5] in the general framework of modular multiplicative unitaries. 
Let (π,π) be the G-Heisenberg pair on H associated to the manageable multiplica-
Then the Equations (2.29) and (3.1) for U and V are equivalent to (1) F is invariant with respect to the right corepresentation U U := U 13 U 23 of G on L ⊗ L:
(2) F is invariant with respect to the corepresentation V V := V 13 V 23 ofĜ on L ⊗ L:
(3) F satisfies the braided pentagon equation
here the braiding
* are defined as From now onwards we fix the D(G) -pair (U, V) on L and say that F is a braided multiplicative unitary over G.
The 
and
Now we state the main result of this article.
Theorem 3.9. Let F ∈ U(L ⊗ L) be a manageable braided multiplicative unitary over a regular
(2) The morphisms β ∈ Mor(B, B ⊗ A) andβ ∈ Mor(B, B ⊗Â) defined by
Let j 1 , j 2 ∈ Mor(B, B ⊠ B) are the canonical morphisms described by (2.30).
(
defines a unique morphism B → B ⊠ B that is G-andĜ-equivariant and satisfies
Moreover, ∆ B is coassociative,
and satisfies (3.14)
We resume the proof of Theorem 3.9 in the next section.
Definition 3.15. The pair (B, ∆ B ) in Theorem 3.9 is called a braided C * -quantum group over G. We say (B, ∆ B ) is generated by F.
Let H = (C, ∆ C ) be a C * quantum group and let (η,η) be a H-Heisenberg pair on a Hilbert space H η . An element P ∈ U(Ĉ ⊗ C) is called a projection on H if it satisfies the following conditions: (1) P is a bicharacter:
P is an idempotent endomorphism of H:
Clearly, (η ⊗ η)P ∈ U(H η ⊗ H η ) is a mutliplicative unitary and it is manageable, see [11, Proposition 3.36] . By virtue of [11, Theorem 6.15 & 6.16 ], a manageable braided multiplicative unitary F ∈ U(L ⊗ L) over G gives rise to a C * -quantum group H = (C, ∆ C ) generated by a manageable multiplicaitive unitary
Furthermore, the unitary P ∈ U(H ⊗ L ⊗ H ⊗ L) defined by Thus, a braided C * -quantum group (B, ∆ B ) over a regular C * -quantum group G gives rise to a C * -quantum group H = (C, ∆ C ) with projection. Therefore, it is important to encode (C, ∆ C ) in terms of (A, ∆ A ) and (B, ∆ B ) to construct new examples of C * -quantum groups. In the compact case, that is when A and B are unital, this has been already done in [7, Theorem 6.7] . We shall extend this result for locally compact case.
Regularity of G gives A ∈ YDC * alg(G) and by Theorem 3.9(2) B ∈ YDC * alg(G). 
Theorem 3.21. Let C = A ⊠ B and define
∆ C ∈ Mor(C, C ⊗ C) by ∆ C := Ψ • (id B ⊠ ∆ B ). Then (C, ∆ C ) is the C * -quantum group generated by W C in (3.18).
Proof. For any c ∈
Therefore, we only need to show
CLS
Finally using (3.10) we obtain
Slices of braided multiplicative unitaries
Let H = (C, ∆ C ) be a C * -quantum group and P ∈ U(Ĉ ⊗C) be a projection on H with image G = (A, ∆ A ). Let H = (Ĉ,∆ C ) be the dual of H and W C ∈ U(Ĉ ⊗ C) be the reduced bicharacter.
is a C * -algebra. The main tool we use to prove Theorem 4.1 is the Landstad-Vaes theorem for quantum groups.
Let γ : C → A ⊗ C be a left coaction of G on a C * -algebra C and let i : A → C be a morphism. The triple (C, γ, i) is a G-product if i is a G-equivariant:
Let G = (Â,∆ A ) be the dual of G and W A ∈ U(Â⊗A) be the reduced bicharacter. Let (π,π) be a G-Heisenberg pair on a Hilbert space H. (
and is a (right) coaction ofĜ on B, and σϕ defines a G-equivariant isomorphism between C and B ⋊ A.
The C * -algebra D is called the Landstad-Vaes algebra for the G-product (C, γ, i).
This theorem is proved in [15, Theorem 6.7] if G is a regular locally compact quantum group (see [4] ) with Haar weights (the conventions in [15] are, however, slightly different), and in [13] in the above generality, assuming only that G is a regular C * -quantum group generated by a manageable multiplicative unitary.
i satisfies the following condition:
In particular, ∆ L is a left coaction of G on C by [5, Lemma 5.8] . Thus (C, ∆ L , i) is a G-product. We shall show that D in Theorem 4.1 is the Landstad-Vaes algebra for the G-product (C, ∆ L , i).
Before that we prove a technical lemma:
Proof. Since (ρ,ρ) is an H-anti-Heisenberg pair,
Combining (2.5) and (4.8) we can show that
The unitary X := (idÂ ⊗ i)W A ∈ U(Â ⊗ C) is a bicharacter because i is a Hopf * -homomorphism. Hence (idÂ ⊗ ∆ C )X = X 12 X 13 which is equivalent to
by (4.9). Similarly, replacing Hesienberg pairs by anti-Heisenberg pairs in (3.17) gives
Notice that P = (j ⊗ i)W A . Since i and j are injective, we apply j
on the both sides and obtain
The following computation finishes the proof:
Proof of Theorem 4.1. By [5, Theorem 5.5] , there is a bicharacter χ ∈ U(Ĉ ⊗ A) such that
The unitaryP := σ(P * ) ∈ U(C ⊗Ĉ) is a projection onĤ. This defines an injective Hopf * -homomorphism j :Â →Ĉ such that P = (j⊗i)W A . As proved in [8,
is the bicharacter satisfying (4.12). Equation (4.5) gives
Equation (4.12) and the previous computation give
Taking slices on the first leg gives
The following computation gives the second condition in Theorem 4.4:
Let (ρ,ρ) be an H-anti-Heisenberg pair on a Hilbert space H ρ . Since ρ is faithful,
Recall X ∈ U(Â ⊗ C) from Lemma 4.6. Equation (4.14) gives
Now Lemma 4.6 gives
The regularity condition (2.24) implies
Construction of braided C*-quantum groups
Throughut this section we follow the same notations, assumptions and definitions that we introduced and used in Section 3.
In this section we shall prove Theorem 3.9. We shall eventually use Theorem 4.1 for the the C * -quantum group H = (C, ∆ C ) generated by W C defined in (3.18) with projection P defined by (3.19) with the image G = (A, ∆ A ), which is a regular C * -quantum group. Therefore we must indentify i and ∆ L in order to view C as a G-product.
Proof. Let (η,η) be a G-anti-Heisenberg pair on a Hilbert space H η . Hence the corepresentation condition (2.14) for U is equivalent to
by (4.10). Applying σ 12 on both sides and rearranging gives 
A is the projection P in (3.19) . Therefore the image of ρ andρ are contained inside the image of C andĈ, respectively. The first condition in (3.16) and (2.9) together shows that gives
Taking slices on the second legs of the bothsides of the last expression shows that ρ is a Hopf * -homomorphism fromÂ toĈ. Similarly, we can show that ρ is a Hopf * -homomorphism from A to C.
is a bicharacter from H to G and let ∆ L : C → A ⊗ C be the left quanum groups morphism associated to it. We want to show that the pair (ρ, ∆ L ) is the equivalent to the projection P on H. Hence, we only need to verify (4.5) for this pair. Equation (4.13) and (2.5) gives
Proof of Theorem 3.9. Ad 1. The image of P is G = (A, ∆ A ), which is regular by assumption (see Section 2.5). Theorem 4.1 shows that
is a C * -algebra. Hence so is
Thus B acts nondegenerately on L and seperability of B(L) * implies B is separable. Now corepresentation condition (2.14) for V is equivalent tô
Multiplying by K(H) on the third leg from the left and using (5.3) on bothsides, this gives 
